Abstract. We utilize a condition for algebraic curvature operators called surgery stability as suggested by the work of S. Hoelzel to investigate the space of riemannian metrics over closed manifolds satisfying these conditions. Our main result states that the homotopy type of this space is invariant under surgeries of a suitable codimension. This is a generalization of a well-known theorem by V. Chernysh and M. Walsh for metrics of positive scalar curvature. §1. Introduction
§1. Introduction
The study of riemannian metrics of positive scalar curvature has become a classical topic in modern geometry, which is deeply connected to the underlying manifold's topology. One of the most important results indicating this has been shown by M. Gromov and H. B. Lawson, who conclude that a closed, simply-connected manifold of dimension n ≥ 5, which is oriented bordant (resp. spin bordant, if M is spin) to a manifold with positive scalar curvature admits a metric of positive scalar curvature itself. The proof of this theorem relies on the fact that one can arrange the bordism to be composed from traces of codimension ≥ 3 surgeries, which allow to push through positive scalar curvature. It is well-known that this procedure can be generalized to other tangential struc Based on the work of S. Hoelzel in [Hoe16] , we define conditions for a riemannian metric, which can be preserved under surgeries of codimension at least c, where c ≥ 3 depends on the condition. We will say that a riemannian metric satisfies a deformable, codimension c surgery stable curvature condition, which will be explained in greater detail in § § 2.2 and 2.3. Combined with the above proposition, we obtain the following. Next, we consider the space of metrics satisfying a codimension c surgery stable curvature condition C on a closed manifold M , which we denote by R C (M ). It is endowed with the C ∞ -topology as a subset of the space of riemannian metrics R(M ). Our main result is concerned with the homotopy type of this space.
Theorem B.
Let M 0 be a closed n-manifold and let M 1 be obtained from M 0 by surgery of codimension n − k ≥ c with k ≥ c − 1. Then R C (M 0 ) is homotopy equivalent to R C (M 1 ).
Thus, for highly-connected manifolds, we conclude the following. Let us state the result for the following examplary case. A riemannian manifold (M, g) is is said to have positive 1-curvature ‡ , if scal g −2 Ric g (v) > 0 for all points p ∈ M and unit vectors v ∈ T p M . It is not hard to see that every metric of positive 1-curvature has positive scalar curvature. We will see later that positive 1-curvature defines a codimension 4 surgery stable curvature condition C := (1-curv > 0). In particular, we can consider the space of metrics with positive 1-curvature R 1-curv>0 (M ) over a fixed manifold M . Noting that B O 4 = B Spin and the spin bordism group in dimension 7 is trivial, we conclude the following.
1.2] on which the proof of Theorem B is based. In the following we will largely adhere to the original source.
In forthcoming work [Kor] , we will explain how some results on the disconnectedness of R psc (M ) can be generalized to certain curvature conditions of this kind. Before going into more details, we will recall several classical notions regarding algebraic curvature operators and introduce new ones. Using these we will define metrics of a standard form and see that situations anologous to the classical case for positive scalar curvature arise. §2.1 Curvature conditions and spaces of riemannian metrics
Contents
Let us briefly recall the curvature operator's definition in riemannian geometry. At every point p ∈ M the curvature operator R defines a linear map
Definition 2.2. We fix an inner product −, − in R n . A self-adjoint endomor-
Utilizing the inner product, we obtain the linear map η :
and thus for every x, y ∈ R n , an algebraic curvature operator gives rise to an endomorphism
It is said to satisfy the Bianchi indentity, if
Exactly in the same manner as we define sectional, Ricci and scalar curvature in a tangent space, we let
where {e i } is the standard basis of R n . † Let C B (R n ) denote the vector space of algebraic curvature operators satisfying the Bianchi identity.
where R p denotes the curvature operator with respect to g in p and i * R p is obtained by pre and post concatenation of the isomorphisms i ∧2 :
R n induced by i and its inverse.
Thus, any curvature condition is a global statement on the structure of a riemannian manifold and obviously describes an isometry invariant property of a riemannian metric satisfying it.
Example 2.4. (i) Clearly, the curvature condition C = C B (R n ) is an empty condition as it is satisfied by all riemannian metrics.
(ii) Classical lower curvature bounds can be expressed as a curvature condition.
For example, we can express (globally pointwise) positive sectional curvature as condition
while positive scalar curvature is described by psc := (scal > 0) := {R ∈ C B (R n ) | scal(R) > 0}. † As common notation suggests, we will write relations such as sec(R) < α to mean "sec(R, E) < α for every plane E < R n ".
(iii) Also upper curvature bounds, such as
are of course curvature conditions, although they will not play an important role in the following.
Definition 2.5. Let M n be a closed smooth manifold and denote by R(M ) the space of riemannian metrics on M equipped with the C ∞ -topology. Define, the space of riemannian metrics satisfying C as
As curvature conditions are preserved under isometries, Diff(M ) acts on R C (M ) by pullback of riemannian metrics, i.e. via Recently, there has been much progress showing that R C (M ) on certain manifolds is topologically non-trivial for C = psc and C = Ric (cf. [CS13] , [HSS14] , [BERW17] and [Wra11] ). For positive scalar curvature non-trivial homotopy elements can be exhibited factoring the Atiyah-Bott-Shapiro map of spectra A : M Spin → KO through the space of metrics with positive scalar curvature carried out in [BERW17] , which is a vast generalization of an idea by N. Hitchin. Incidentally, already Hitchin's original construction (cf. [Hit74, Section 4.4]) idendifies non-trivial homotopy elements in R C (M ) on any spin manifold M of a certain dimension for every C ⊂ psc with R C (M ) = ∅ that are produced using the orbit map of the above described Diff(M ) action on R C (M ). §2.2 Surgery stable curvature conditions Definition 2.6. Let M be a smooth manifold of dimension n and further let φ ∈ Emb(S k , M ) be an embedding with trivial normal bundle. Thus φ extends to a tubular embedding
Recall that a surgery on M along φ is a procedure, which endows the push-out
with a differentiable structure compatible with the given differentiable structures on the individual parts. The number n − k is called codimension of the surgery.
Clearly, one can also consider riemannian metrics on M and it is not hard to see that there exists a metric on χ(M, φ), which coincides with the original metric away from the embedding φ. But since one is cutting out a part where the metric is not necessarily of any particular form, it is not clear if there are any properties of the previous metric that can be preserved in the process. It was only realized by Gromov and Lawson [GL80] and independently by R. Schoen and S. T. Yau [SY79] that positive scalar curvature can be preserved under surgeries of codimension greater or equal three.
This theorem has been generalized in several directions and in particular to curvature conditions as defined above by Hoelzel.
Definition 2.7. A curvature condition C ⊂ C B (R n ) is said to satisfy an inner cone condition with respect to S ∈ C B (R n ) \ {0}, if there exists a continuous function Remark 2.9. Since the curvature operator of the standard sphere S q of radius 1 is given by the identity, the curvature operator of R n−q ×S q with the canonical product metric is precisely the projection map R R n−q ×S q := π 2 R q :
Definition 2.10. Let C ⊂ C B (R n ) be a curvature condition satisfying an inner cone condition with respect to R R n−c+1 ×S c−1 for some c ∈ {3, . . . , n}. Then C is said to admit codimension c surgeries. 
) with the round metric satisfies C.
As the name suggests, admittance of surgery is precisely the assumption needed to obtain a new metric again satisfying this curvature condition on a surgery result. 
where
By definition, positive p-curvature implies positive (p − 1)-curvature and for every fixed dimension n there is a sequence of cones 
As The pull-back of the curvature operator of g β is given by (cf. [Pet16, p.121])
it satisfies an inner ray condition with respect to L, i.e. R ∈ C implies R + λL ∈ C for all λ ≥ 0, and µR R n−q+1 ×S q−1 ∈ C for all µ > 0 and q ≥ c.
Example 2.20.
(i) By Remark 2.8 (i), a curvature condition C given by an open convex cone with R R n−c+1 ×S c−1 ∈ C and L ∈ C is deformable. This is true for positive scalar curvature.
(ii) Positive p-curvature for 0 ≤ p < n − 2 is deformable (even though it does not satisfy an inner cone condition with respect to L for 1 ≤ p ≤ n − 2).
We will employ the following common convention. Whenever we write D l (δ), we will implicitly choose spherical coordinates (0, δ)
Remark 2.21.
(i) Let C ⊂ C B (R n ) be a deformable, codimension c surgery stable curvature condition. Then C satisfies an inner cone condition with respect to every R R n−q+1 ×S q−1 + λL with q ≥ c and λ ≥ 0.
(ii) Suppose C is a deformable, codimension c surgery stable curvature condition.
We conclude that
(iii) One function of particular interest satisfying these assumptions is
where µ > 0 and δ > µπ 2 . Observing that
e. the metric induced by this function agrees with a round metric near the center of the disc and has a cylindrical shape near the boundary.
Definition 2.23. The function β µ,δ is called torpedo function.
For every n ≥ q ≥ c, a torpedo function β gives rise to a metric g
satisfies C, which we will refer to as torpedo metric. 
Proposition 2.25. We have g
Recall that for a riemannian submersion π :
we can deform the metric g M by shrinking the fibre. We obtain a continuous path of metrics {g
) are the orthogonal projections onto the tangent space at the fibre. Clearly, we have g
riemannian submersion, where M is a compact manifold (possibly with boundary) and B is closed. If C satisfies an inner cone condition with respect to each curvature operator corresponding to
Then shrinking the fibre amounts to shrinking the torpedo function, since
and the new warping function tβ( r t ) can easily seen to be a torpedo function again.
, then the scaled down metric is torpedo as well.
Thus, given any warped product in the fibres on the disc, we can produce a metric on a neighbourhood of N , which satisfies C, but clearly not every metric on N × D n−k is of this particular product shape. Nevertheless, it was observed by Gromov and Lawson that every metric does actually look almost rotationally symmetric close to N × {0}. 
and we denote by g ε the pull-back of the metric induced by g to S n−1 (1). Then as ε → 0 we have 
Proof. For δ > 0 small enough, by the previous Proposition, g 
The proof of this theorem is heavily built on the techniques and terminology developed in [Che04, Wal11] and essentially follows Chernysh's presentation.
Remark 3.2. The conditions k ≥ c − 1 and n − k ≥ c are needed to reverse the surgery and again have a sufficiently high codimension. Combined we see that n − c ≥ k ≥ c − 1 and conclude that the surgery stability needs to be "below the middle dimension" if we want to apply Theorem 3.1.
Definition 3.3. Let C ⊂ C B (R n ) be a deformable, codimension c surgery stable curvature condition and let M be a compact smooth manifold of dimension n.
We call a metric g ∈ R C (M ) g N -rotationally symmetric (with respect to τ and C), if τ * g = g N + g rot , for a family of rotationally symmetric metrics g rot on D n−k with g R k + g rot satisfying C. We denote by 
with the following properties:
The proof will be carried out in § 4.
Theorem 3.5. Let C ⊂ C B (R n ) be a deformable, codimension c surgery stable curvature condition. The inclusion
is a homotopy equivalence.
The strategy to see how Theorem 3.4 contributes to show Theorem 3.5, as well as the proof of Theorem 3.1 is fully explained in [Che04] and will be recalled only for the sake of completeness.
The proof will be carried out in § 5.
Remark 3.7. Note that in our notation of the subspaces
we usually drop the dependencies on τ , g N and g tor as all of these will be fixed throughout the article, if not otherwise stated.
Proof of Theorem 3.5. As both spaces are dominated by CW-complexes (by work of [Pal66] ), it is enough to show that the inclusion is a weak homotopy equivalence, i.e. that all relative homotopy groups π l (R C (M ), R 
Now observe that the spaces of metrics satisfying C on M and χ(M, φ), which are fixed withinIm φ orIm ψ resp., and have a product shape near φ(S k × S n−k−1 ) are homeomorphic. In particular, if we choose any metrics g S k , g S n−k−1 on S k and S n−k−1 and torpedo metrics g , φ) ).
The rest of the paper will be concerned with the proofs of Proposition 3.6 and Theorem 3.4, i.e. with the construction of the map Π. §4. Proof of Theorem 3.4
Before starting the actual proof, we will recall the classical graph deformation procedure introduced by Gromov and Lawson. The construction of Π then proceeds in three steps. First, the graph deformation is applied to a family of riemannian metrics to split a tubular neighbourhood around a submanifold N into three regions with particular properties. Second, one deforms the metric very close to N to a standard metric and, lastly, one ensures that everything is done in accordance with a previously fixed tubular map. §4.1 Preliminaries and Chernysh's trick Here we will recall Hoelzel's construction, a few technical results and introduce a modification in the spirit of Chernysh. Before, let us recall a few elementary facts about curves in R 2 , which will be used to control the metric deformations. We will deal with arc-length parametrized curves
, which satisfy a number of properties.
Definition 4.1. Let r > 0. We denote by
Moreover we define two further sets of curves
iii) γ intersects the t-axis {0} × R precisely once in a right angle at γ(b) and is symmetric about it, (iv) r is non-increasing, while t is non-decreasing for s ∈ (−∞, b].
where κ is the signed curvature function of γ.
We endow each of the above sets with the subspace topology from C ∞ (R, R 2 ) and
Remark 4.2. Clearly we have the following.
(1) The map L : Γ(r) → (0, ∞), γ → γ −1 ({0} × R), which determines the length of the curve segment between (r, 0) and the curve's intersection with the t-axis, is continuous.
(2) The space Γ(r 1 ) is contained as a subspace in Γ(r 2 ) for r 1 ≤ r 2 . (
Proof. The claim (1) 
The angular velocity θ is precisely the signed curvature of γ and θ(0) = 0 (by (i)). Moreover, we conclude that by the theory of ordinary differential equations γ continuously depends on θ or κ, respectively.
Note that from this proof we can furthermore extract a description for r(s) and If γ is determined by θ or κ, we will write γ(θ) or γ(κ).
Let (M n , g) be a riemannian manifold and let N k ⊂ M n be a closed submanifold. Choose r > 0 small enough such that 2r < InjRad ⊥ N and a curve γ ∈ Γ ∞ (r). From this we can construct the embedding ψ γ = ψ γ (g) given by †
whose image is denoted by
and carries a metric g D induced from g M + dt 2 on M × R. Its pull-back along ψ γ to M \ N will be denoted by g γ .
In this terminology we formulate the following technical setup. † Note that we need to reparametrize γ to view s as the normal distance from N with respect to the original metric g. Further choose a riemannian metric g N on N , a bundle  metric g νN on νN and a metric connection ∇ on νN . Then for r > 0 there exists an r > 0 such that for every r ∈ (0, r) there exists a curve γ ∈ Γ ∞ (r) such that
, where h is the connection metric determined by g N , g νN , ∇.
From this Hoelzel's Theorem 2.14 follows. To see this, first recall from Corollary 2.13 that S n (δ) with the round metric satisfies C for δ small enough. Now consider a surgery sphere φ 0 :
) and regard the embedding
as a surgery sphere, as well. These determine submanifolds N i := φ i (S k × {0}) in M and S n , respectively, which have a trivial normal bundle νN i . Furthermore, fix a diffeomorphisms
n , respectively. In this way we obtain a metric on N i and a bundle metric on its normal bundle, as well as a metric connection in νN i and there exists an isomorphism of the normal bundles ψ : νN 1 → νN 2 . Now apply the above theorem to both M and S n . Then there exists an ε small enough such that we can endow 
Next, let us revisit the construction above and introduce a modification that we call Chernysh's trick. § The idea is to consider curves that give rise to an embedding
The pull-back metric can then be interpreted as a deformation of the metric in M , when previously we obtained only a complete metric on M \ N . Let (M n , g) be a riemannian manifold and let N k ⊂ M n be a closed submanifold. Choose r > 0 small enough such that 2r < InjRad ⊥ N and let γ ∈ Γ b (r). From this we can construct the embedding ψ γ = ψ γ (g) given by
whose image is denoted by 
It is well-known that the pull-back of riemannian metrics along embeddings of a compact manifold is continuous with respect to the C ∞ -topology on the space of embeddings. From this we draw the following conclusion.
Corollary 4.7. Proposition 4.6 yields a continuous map
The curvature operator of the induced metric g γ can be connected to the curvature operator of the product metric on M × R as demonstrated by Hoelzel. To see this consider the following setup.
where I = [0, b] (resp. I = [0, ∞)) at whose image points the tangent space splits as
, denote by H(ν q , r) the parallel translation of T q N into exp q (rν q ). Further denote by V(ν q , r) the orthogonal complement to H(ν q , r)⊕ ∂ r , i.e.
With respect to this choice we introduce the following notatioñ
where R T is the curvature operator of T (r) × R endowed with the product metric
Note that in general this cannot be done a continuous way, if νN is not assumed to be trivial.
Proposition 4.8. # In the situation above, for every
where E(ν, s) is a curvature operator satisfying
where C 1 , C 2 are constants only depending on (D(r), g M ) and N . §4.2 Constructing the deformation map Π
We begin with a slight modification of Hoelzel's construction passing from γ ∈ Γ ∞ (r) to a γ ∈ Γ(r), i.e. considering curves that intersect the t-axis in finite time.
The first step will be to show that the construction of a new metric using a graph described above is actually a continuous deformation procedure within R C (M ) that can be applied to compact families of metrics simultaneously.
Proposition 4.9. Let C be a codimension c surgery stable curvature condition and let 
Moreover γ can be chosen such that according to the partition r(s 4 ) = r(s 5 ) is arbitrarily small.
This follows from the constructive proof of Theorem 4.5, which can easily be adapted to construct a curve γ as required for a compact family of metrics. We only have to make sure that we can replace γ ∈ Γ ∞ (r) by Γ b (r), by bending γ towards the t-axis while C remains satisfied. Proof. The proof from [Hoe16] directly carries over to this case as all choices involved continuously depend on the compact family of metrics. Proof. We will only cover a part of the proof that we want to utilize later. Hoelzel shows in [Hoe16, p.29f] that to conclude thatR D,ξ (ν, s) ∈ C, it is enough to ensure 
Most importantly, θ increases at least by
Now after finitely many steps we obtain a smooth non-increasing θ : 
Proof. The proof is the same as in [Che04, Proposition 2.3].
Proof of Proposition 4.14. We will argue in two steps. First we will show that we can deform a curve γ that bends up to a straight line of small angle θ 0 within [s 2 , s 3 ] and bends down to meet the t-axis in a right angle to γ 0 maintaining C.
Using Proposition 4.8 Hoelzel concludes that for all
where the suprema are taken over the points in the tubular neighbourhood. As this is true for all s ∈ [0, s 2 ] (where θ(s) ≤ θ 0 ), it is easy to see that it remains satisfied, if we linearly decrease θ to 0. 
where s t is the intersection of γ(δ p(t) κ(s)) with {r 4 } × R and ε t , L t are uniquely determined such that
The resulting isotopy t → γ(κ t ) deforms γ = γ(κ 0 ) into a curve of the form discussed in the beginnning.
Corollary 4.16. There exists a curve γ ∈Γ(r) and a continuous map
with A(ξ, 0) = g ξ and A(ξ, 1) = g ξ,γ .
Proof. This follows combining Proposition 4.14 and Corollary 4.7.
Corollary 4.17. Metrics deformed by Proposition 4.9 stay within the same connected component of R C (M ).
Remark 4.18. As a by-product, we conclude that in every component of R C (M ) we can find a metric with arbitrarily large diameter. For a given metric g, which satisfies C find a curve γ from Proposition 4.9 such that g γ satisfies C as well. Now increase the length of the segment γ| [s4,s5] where γ parallels the t-axis. From the definition of g γ , it is clear that diam(M, g γ ) ≥ dist eucl (γ(s 5 ), γ(s 4 )), while C will remain satisfied.
In the next step, we will show that we can deform metrics to a prescribed form in a small tubular neighbourhood of N . From now on we will be considering submanifolds with trivial normal bundle. 
If g ξ,γ is obtained from g ξ by Proposition 4.9, then there exists a continuous map
During the proof we will utilize the following technical result by Hoelzel. Then there exists an r * ∈ (0, ε) such that for all r ∈ (0, r * ) the riemannian manifold
Proof of Proposition 4.19. Note that γ ∈Γ(r) as obtained by Proposition 4.9 comes with a partition 0 = s 0 ≤ s 1 ≤ · · · ≤ s 6 = b according to which we can partition
For simplicity, let us identify these subsets with their preimages under the dif-
For a moment fix ξ ∈ S. From Proposition 4.9 we know that we can choose γ such that r(s 4 ) = r(s 5 ) is arbitrarily small, say ε > 0. chosen arbitrarily small and we have diffeomorphisms
where we denote by (g 1 , g 2 ) unique vector bundle isometry (νN, g 1 ) → (νN, g 2 ).
By Corollary 2.29 we know that we can choose a pathβ :
Pushing this back to D (g ξ ) we end up with a path β := (τ ξ ) * β of metrics performing our intended deformation in a small neighbourhood of N .
Since we want to deform metrics on all of M , we need to prescribe corresponding metrics on D (g ξ ) and D (g ξ ) that continue β to a path in R C (M ). On D (g ξ ) we will keep g ξ unchanged during the deformation, while we will use D (g ξ ) to connect to the remaining parts smoothly. •φ is radially diffeomorphic to τ .
We begin by noting that
During B, we are performing a deformation with respect to the individual tubular maps τ ξ , given by exp
, which are hence radially diffeomorphic to τ . Finally, we note that during C, the tubular maps are deformed to τ through radially diffeomorphic tubular maps, which finishes the proof. §5. Rotationally symmetric metrics
The main goal of this section is the proof of Proposition 3.6, which will complete our proof of the main theorem. It will follow from an analysis of rotationally symmetric metrics on the disc. As before, we are generalizing the method laid out in Chernysh's [Che04] to the case of certain curvature conditions. §5.1 Metrics on the disc
In the following fix a deformable, codimension c surgery stable curvature condition C ⊂ C B (R n ), δ > 0 and q ≥ c.
Definition 5.1. Define
the space of rotationally symmetric metrics satisfying C.
Definition 5.2. On R rot the radius defines a continuous function
where γ is a radial path from the center to a boundary point of D q (δ). In the spherical coordinates (0, rad(g)] × S n−1 ∼ = D n (δ) \ {0} the metric g is of the form dt 2 +βg S n−1 for f : (0, rad g] → R, which is the restriction of a smooth odd function β : R → R with β (0) = 0 and β (even) (0) = 0.
This defines a continuous map
is a smooth continuation only depending on β (l) (rad g) for all l ≥ 0.
Moreover, we can go back via
We have W(N (g), rad g) = g and will use these maps to modify rotationally symmetric metrics via their warping functions, because if ψ : R → R is a diffeomorphism with β • ψ ∈ B for all β ∈ B, then rad W(N (g) • ψ, ψ −1 (rad g)) = rad g.
Occasionally, we will drop the second argument of W from the notation, if the radius is clear from context. 
The proof will be based on the observation that the warping function of a metric g ∈ R rot C behaves in a certain way near 0 combined with explicit deformations of the metric corresponding to this region. We will separate these steps in the following lemmata. 
and for t ∈ [0, t 0 ] we thus have λ(β)(t) ≤ 0 and µ(β)(t) ≤ 0.
Since we know that C satisfies an inner ray condition with respect to s(R R ×S q−1 + µL) for µ ≥ 0 and s > 0, we conclude that with λ ≤ 0, µ ≤ 0 the curvature condition C would contain the flat curvature operator 0, which is a contradiction to our assumption that C is deformable.
and an isotopy through diffeomorphisms φ s : R → R such that for b < c = φ 
2 , e = e(s) and an isotopy through diffeomorphisms The proof of these two lemmata is a straight forward explicit construction by means of ordinary differential equations.
Proof of Proposition 5.3. Let β = N (g) for g ∈ R rot C . By Lemma 5.4 there exists a t * such that 0 < β < 1 and β < 0 on (0, t * ]. Without loss of generality, we can assume that t * ≤ δ /2. Now we invoke Lemma 5.6 with the parameters C 1 , t * and the Lemma 5.7 with the parameters D 1 , t * * to define
We need to make sure that during both parts of the deformation the corresponding metrics stay within the space R rot C .
(1) We need to make sure that the rotationally symmetric metric given by the warping function β • φ 2s , which has the curvature operator 
In the remaining part ≥ φ 2s . Since β < 0, 1 − C 2 (C 1 , t * ) ≤ φ 2s ≤ 1 and 0 < β < 0, we can choose C 1 in Lemma 5.6 such that this is satisfied. ≥ ψ 2s−1 . Unfortunately, the left-hand side of this inequality is not necessarily strictly positive and hence can't be used to saturate D 1 in Lemma 5.7. Using the fact that C satisfies an inner cone condition with respect to R R ×S q−1 , we conclude that actually the factor in front of L has to be larger than a negative constant depending on the cone opening. g, 1) ). We will describe a deformation on D q (σ(g)). For u ∈ [0, 1] let β u := (1 − u)β + uβ tor we observe the following. If β(t) ≤ β u (t) ≤ β tor (t), we have
β(t) ,
since 0 ≤ β ≤ 1 and 0 ≤ β tor ≤ 1 (we obtain the opposite inequalities if β(t) ≥ β u (t) ≥ β tor (t)). Moreover
because β ≤ 0 and β tor ≤ 0. Hence, by deformability β u is contained in C and since we have created a collar at σ(g) (i.e. β (l) (σ(g)) = 0 for all l ≥ 1), we can deform β on a small interval to connect β u (σ(g)) with β(σ(g)). Denote the result byβ u and define Ψ 2 : (g, s) → W(β 2s−1 ) for s ∈ [ 1 /2, 1]. §5.2 Rotationally symmetric metrics around a submanifold Finally, we will return to the case of compact manifold M of dimension n and an embedding τ :
where N is a compact manifold of dimension k. As in the previous section we have fixed a deformable, codimension c surgery stable curvature condition C ⊂ C B (R n ) and as in § 3, we have chosen a riemannian metric g N on N and will always assume that n − k ≥ c. For the other homotopy r • i id R torp C (M ) , we note that Ψ 2 (−, 1) does not alter the torpedo metric within the annulus D n−k ( δ /2, δ), since t * ≤ δ /2 in the proof of Proposition 5.3. Let g ∈ R torp C (M ). On D n−k (δ) the metric τ * r(g) is torpedo, i.e. agrees with τ * g , while on the annulus D n−k (δ, δ + ε) the metric might not agree with the original one. This can be resolved by straightening this to a collar region and shrinking it down afterwards, which is possible becauseδ ∈ [δ, δ + ε] in the proof of Lemma 5.13.
